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Abstract: In this paper, we use a nonlinear hierarchical model predictive control (MPC) to 
stabilize the Segway robot. We also use hardware in the loop (HIL) simulation in order to model 
the delay response of the wheels' motor and verify the control algorithm. In Two-Wheeled Personal 
Transportation Robots (TWPTR), a nonlinear MPC predicts the dynamics of the system and solves 
the control problem efficiently, but requires the exact information of the system models. Since 
model uncertainties are unavoidable, the time-delay control (TDC) method is used to cancel the 
unknown dynamics and the unexpected disturbances. When TDC method is applied, the results 
show that the maximum required torque for engines is reduced by 7%. And the maximum 
displacement of the robot has dropped by 44% around the balance axis. In other words, robot 
stability has increased by 78%. This research runs the HIL simulation to implementing the control 
algorithms without approximation. 
Keywords: Reverse pendulum, Two-wheeled robot, Segway, HIL, Model Predictive Control, 
Time Delay Control 
1. Introduction 
With the increase in personal transportation vehicles, traffic congestion is growing worse in 
urban areas and is expected to aggravate over the next years. Moreover, there are some other 
serious problems such as lack of parking space and pollution [1]. In order to improve urban trip 
conditions, developing a smart and less polluting narrow vehicle can be a good idea. To achieve 
this idea, many intelligent robots and vehicles have been applied base on two-wheeled inverted 
pendulum (TWIP) models[2]. Such advantages of these narrow vehicles are the occupation of less 
space, the possibility of sharing a single lane with another narrow vehicle, lower emission, and 
flexible operation. 
Over the last 50 years, the inverted pendulum has been the most popular benchmark among 
others in nonlinear control theory [3]. These TWIPs have two wheels mounted on both sides of a 
chassis, with a center of mass above the wheel axles [4]. In this case, a DC motor controls each 
wheel independently. The control objective of the TWIP is to perform position or velocity control 
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of the wheels, while the stability of the pendulum occurs around the vertical position which is an 
unstable equilibrium point. This type of systems that have numbers of actuators fewer than the 
degrees of freedom to be controlled is defined as under-actuated systems. Based on the mechanical 
configuration, under-actuated TWIPs can be categorized into a class without input coupling (Class 
A) and a class with input coupling (Class B). In class A, the actuator is mounted on the wheel and 
in class B the actuator is mounted on the pendulum or chassis [5]. The structure of the TWPTRs 
are based on Class A. The TWPTR is a device that transports one person at relatively low speeds. 
TWPTRs have a low-speed operation and use electric power systems to move. These features 
make this robot be a candidate for providing short-distance trips [6]. 
TWPTR relies on the changes in driver’s gravity center to control the vehicle movements such 
as starting, acceleration, deceleration, stopping and so on [7]. In other words, the initial law for 
riding the TWPTR states that if the center of gravity (COG) leads forward, it makes the wheels 
accelerate and if it leads backward, it makes the wheels slow down. Essentially, the mobility of 
the TWPTR is not autonomous as the traveler is involved in the control [8]. 
Consequently, TWPTR is driven by DC motors that are applied independently of each of the 
wheels, thus causing the system to be under-actuated. It is also subject to the non-holonomic 
constraint of no sideslip. These features make the stabilization of a TWPTR a challenging and 
interesting control problem. In this regard, linear controllers have been successfully used to locally 
stabilize the pendulum around an unstable upright position. These controllers have a limited region 
of stability. Nonlinear fuzzy logic and adaptive neural network controllers have been effectively 
used to maximize the region of stabilization. The main drawback of such methods is robustness 
[9]–[11]. In this paper, we propose a nonlinear MPC, where this process captures the dynamic and 
static interactions between input, output, and disturbance variables, while the control loop is 
coordinated with the calculation of optimum set points. In spite of these advantages, the success 
of MPC depends on the accuracy of the process model [12]. Clearly, according to simulation 
results, this approach is very precise and rapid compared with other nonlinear methods, but like 
the others, it cannot handle the unmeasurement disturbances. Since model uncertainties are 
unavoidable for actual systems, we use the TDC approach. TDC has been known as a robust 
controller for a long time. TDC has been recognized as a simple, efficient, and effective control 
method for various nonlinear plants. The idea of the TDC method is to use the previous dynamic 
information to cancel out uncertainties [13]. Therefore, in this paper, we use a two-layer or 
hierarchical MPC as each layer covers the disadvantage of the other, while their advantages are 
preserved. 
On the other hand, most of the published works are based on theoretical analysis, and results 
are obtained by simulations. However, these controllers may not operate well in real-life systems. 
First, the controller design and proving stability are based on the accurate mathematical models 
without considering any uncertainties. Second, some of the control algorithms are too complicated 
to be implemented [5]. Hardware-in-the-loop (HIL) simulation represents a bridge between pure 
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simulation and complete system construction by providing an efficient real-time and safe 
environment. Tests can focus on the functionality of the controller and verify all the dynamic 
conditions of the system [14]. In other words, the HIL simulation technique is a kind of real-time 
simulation where the input and output signals of the simulator represent the time-dependent values 
like a real process. Such a simulator allows us to test the real controller or embedded control system 
under different real working conditions. HIL is more reliable and credible in its results than 
numerical simulation, and it can also save a great deal of money and time for engineers or scientific 
institutes [15]. In this paper, an HIL simulation is set up for TWPTR to evaluate the real-time 
hierarchical MPC with regards to their accuracy, computational ability, and robustness against 
disturbances and erroneous system parameters. 
This paper is organized as follows. The next section presents the mathematical analysis of the 
proposed control approach. In this section, first we discuss the dynamic equation of a TWPTR; 
secondly we state the MPC; then the TDC approach is expressed, and finally, the HIL simulation 
loop is determined. In the third section, the numerical and HIL simulation of the proposed approach 
is demonstrated. Finally, conclusions are presented. 
2. Mathematical Model 
Before proposing the points related to the Segway robot modeling, the reference coordinates 
systems that make mathematical analyzing feasible are defined [16]. 
Inertial coordinates system (e-frame): The origin of this coordinates system is the initial 
position of the robot's motion field, whose z-axis (𝑧𝑒) is along the center of the earth. Its x-axis 
(𝑥𝑒) and y-axis (𝑦𝑒) directions can be tangent to the global surface of the earth in any direction. 
The origin of the other coordinates systems is fixed on the base of TWPTR. 
Navigation coordinates system (n-frame): The z-axis ( 𝑧𝑛 ) of this coordinates system is 
perpendicular to the surface of the ground. Its y-axis (𝑦𝑛) is along the direction of wheels' axle and 
its origin is set in its center.  
Pendulum coordinates system (p-frame): Its z-axis (𝑧𝑝 ) is in the direction of the robot's 
pendulum and attached to it across all positions. Its origin and y-axis (𝑦𝑝) are the same as the origin 
and y-axis of the n-frame. 
Wheel coordinates system (w-frame): Its y-axis (𝑦𝑤) is the same as the 𝑦𝑝. The x-axis (𝑥𝑤) and 
z-axis (𝑧𝑤) directions are tangent to the plate of the robot's wheel and rotate with it. The w-frame 
origin is the center of the wheel. 
In order to avoid unnecessary complexity of the equations, it is assumed that the torques 
produced by the DC motor of right (𝜏𝑤𝑅) and left (𝜏𝑤𝐿) wheels are always equal. So, the direction 
of the right and left wheels axes is always the same as each other. The transmission vector of the 
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left wheel to the right wheel is fixed in all positions and conditions, and its length is equal to the 
axle length between these two wheels. 
All these four frames are demonstrated in Fig. 1. 
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Fig. 1: Coordinates Systems 
2-1. Dynamic analysis of a TWPTR 
A TWPTR is considered as Fig. 1. This robot can be divided into two parts: the wheels and the 
pendulum. The TWPTR's pendulum consists of a pole and motors' driver to support the body over 
the wheel making it balanced [17]. The p-frame of this robot can only rotate with respect to the y-
axis. The motion field of the robot is assumed as a flat plane; so 𝑥𝑒 and 𝑦𝑒 can have the same 
directions as 𝑥𝑛 and 𝑦𝑛. Therefore, due to the equal torque of the right and left wheels, this TWPTR 
moves along 𝑥𝑒 or 𝑥𝑛 at all-time intervals. 
 TWPTRs' Wheel 
Since the robot moves only along the 𝑥𝑛 , and the field of robot motion is flat, gravity 
acceleration is equal to 𝐺𝑛 = [0 0 −𝑔]𝑇, the friction force of each wheel is 𝐹𝑡𝑤
𝑛 = [𝑓𝑡𝑤
𝑛 0 0]𝑇, and 
the normal force is equal to 𝑁𝑤
𝑛 = [0 0 𝑁𝑧𝑤
𝑛 ]𝑇. In addition, the forces applied to the wheels by 
means of chassis are equal to 𝐹𝑤
𝑛 = [𝑓𝑥𝑤
𝑛 0 𝑓𝑧𝑤
𝑛 ]𝑇, the torque produced by each wheel's motor is 
𝜏𝑛𝑤
𝑛 = [0 𝜏𝑦𝑛𝑤
𝑛 0]𝑇, and the extent of friction torque caused by friction viscous between the wheels' 
shaft and pendulum in relation to the center of the wheel in the n-frame is 𝜏𝑓𝑝𝑤
𝑛 = [0 𝜏𝑓𝑦𝑝𝑤
𝑛 0]𝑇. 
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Note that all of these values are expressed in the n-frame (in all cases, the index above any sign is 
the indication of the reference coordinates system). The mass of each wheel is denoted by m. So, 
the forces and torques exerted to each wheel can be modeled as Fig. 2. 
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Fig. 2: Forces and Torques of the TWPTR's Wheel 
The acceleration of each wheel is proportional to the sum of the exerted forces into the wheel 
minus the friction forces. 
1. 𝑚𝑎𝑒𝑤𝑜
𝑛 = 𝐹𝑇
𝑛 − 𝐹𝑡𝑤
𝑛  
In equation 1, 𝑎𝑒𝑤𝑜
𝑛  is the acceleration of the w-frame origin with respect to the e-frame in the n-
frame. The total force (𝐹𝑇
𝑛) exerted on each wheel can be calculated as equation 2. 
2. 𝐹𝑇
𝑛 = 𝐹w
𝑛 + 𝑚𝐺𝑛 − 𝑁𝑛 
Also, based on Fig. 3, the following equations can be deduced. 
3. 𝑚𝑎𝑥𝑒𝑛
𝑛 = 𝑓𝑥𝑤
𝑛 − 𝑓𝑡𝑤
𝑛  
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4. 𝑁𝑧𝑤
𝑛 = 𝑚𝑔 + 𝑓𝑧𝑤
𝑛  
To convert the coordinates of a point in the n-frame to the e-frame, equation 5 should be used 
[18]. 
5. 𝑃𝑒 = 𝐶𝑛
𝑒𝑃𝑛 + 𝑇𝑒𝑛
𝑒  
In the equation 5, 𝑇𝑒𝑛
𝑒  is the transmission vector of the n-frame to the e-frame proposed in the e-
frame, 𝐶𝑛
𝑒 is the rotation matrix of the n-frame to the e-frame, and 𝑃𝑒  and  𝑃𝑛 are the coordinates of 
one arbitrary point in the e-frame and the n-frame, respectively. The rotation matrix between these 
two frames is the unit matrix since their axes have the same directions. Only the x-axis of the 
transmission vector is variable(𝑡𝑥𝑒𝑛
𝑛 ). According to these conclusions, equation 5 can be rewritten 
as follows: 
6. 𝑃𝑒 = 𝑃𝑛 + 𝑇𝑒𝑛
𝑛 = 𝑃𝑛 + [𝑡𝑥𝑒𝑛
𝑛 0 0]𝑇 
Because of the same direction of the e-frame and the n-frame axes, 𝑇𝑒𝑛
𝑒  and 𝑇𝑒𝑛
𝑛  are equal. 
Therefore, deriving from equation 6, the acceleration of one point in the e-frame, based on its 
acceleration in the n-frame can be obtained by equation 7. 
7. 𝑎𝑒 = 𝑎𝑛 + [?̈?𝑥𝑒𝑛
𝑛 0 0]𝑇 
[?̈?𝑥𝑒𝑛
𝑛 0 0]𝑇 in equation 7 is the same as 𝑎𝑒𝑤𝑜
𝑛  in equation 1.   In other words, this acceleration 
is equivalent to the acceleration of the origin of the n-frame with respect to the e-frame. Since the 
origins of the w-frame, the p-frame, and the n-frame are fixed in relation to each other, the 
following relation can be written. 
8. ?̈?𝑒𝑛
𝑛 = ?̈?𝑒𝑝
𝑛 = ?̈?𝑒𝑤
𝑛  
On the other hand, based on Fig. 3, the torque applied to each wheel can be written as equation 
9 (only around the 𝑦𝑤, the torque is not zero). 
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9. 𝜏𝑦𝑛𝑤
𝑛 = 𝐼𝑤?̈?𝑦𝑛𝑤
𝑛 − 𝑟𝑓𝑡𝑤
𝑛 + 𝜏𝑓𝑦𝑝𝑤
𝑛  
In equation 9, the moment of each wheel around 𝑦𝑛 is denoted by 𝐼𝑤. Also, according to the 
radius of the robot wheels, r, the distance traveled by the robot can be obtained by equation 10. 
10. 𝑡𝑥𝑒𝑤
𝑛 = 𝑟𝜑𝑦𝑛𝑤
𝑛  
𝜑𝑦𝑛𝑤
𝑛  is the pitch angle of the w-frame with respect to 𝑦𝑛. The following relation is obtained by 
deriving equation 10. It is the most important constraint relation that we will use in the TDC 
section. 
11. ?̇?𝑥𝑒𝑛
𝑛 = 𝑟?̇?𝑦𝑛𝑤
𝑛 →  ?̈?𝑥𝑒𝑛
𝑛 = 𝑟?̈?𝑦𝑛𝑤
𝑛  
By replacing equation 3 and equation 11, in equation 9 the dynamic model of each wheel can 
be rewritten as equation 12. 
12. 𝜏𝑦𝑛𝑤
𝑛 = (
𝐼𝑤
𝑟
+ 𝑚𝑟) ?̈?𝑥𝑒𝑛
𝑛 − 𝑟𝑓𝑥
𝑛 + 𝜏𝑓𝑦𝑝𝑤
𝑛  
The friction torque between w-frame and the p-frame can be calculated from the equation 13, 
where 𝑏𝑝𝑤 is the viscous friction coefficient. 
13. 𝜏𝑓𝑦𝑝𝑤
𝑛 = 𝑏𝑝𝑤(?̇?𝑦𝑛𝑤
𝑛 − ?̇?𝑦𝑛𝑝
𝑛 ) 
In the above equation, 𝜑𝑦𝑛𝑝
𝑛  is the pitch angle of the p-frame with respect to 𝑦𝑛. 
 TWPTR's Pendulum 
As illustrated in Fig. 2, the pendulum is connected to the chassis of a two-wheeled robot. The 
wheels' torque (𝜏𝑦𝑛𝑤
𝑛 ) and force (𝐹𝑤
𝑛) are equal, which according to Newton's third law, twice of 
this torque is transmitted to the robot pendulum by chassis (Fig. 3). 
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Fig. 3: Forces and Torques of the TWPTR's Pendulum 
The coordinates of the center of gravity (COG) of the robot in the p-frame are 𝑃𝐶𝑂𝐺
𝑃 = [𝑙 0 0]𝑇. 
As with equation 5, the coordinates of this point in the n-frame can be obtained through equation 
14. 
14. 𝑃𝐶𝑂𝐺
𝑛 = 𝐶𝑝
𝑛𝑃𝐶𝑂𝐺
𝑝 + 𝑇𝑛𝑝
𝑛  
Since the transmission vector between these two coordinates systems is zero (𝑇𝑛𝑝
𝑛 = 0), and the 
p-frame is only rotating around the 𝑦𝑛, equation 15 can be obtained as follows: 
15. 
𝑃𝐶𝑂𝐺
𝑛 = [
sin 𝜑𝑦𝑛𝑝
𝑛 0 cos 𝜑𝑦𝑛𝑝
𝑛
0 0 0
cos 𝜑𝑦𝑛𝑝
𝑛 0 sin 𝜑𝑦𝑛𝑝
𝑛
] 𝑃𝐶𝑂𝐺
𝑝  →
𝑥𝐶𝑂𝐺
𝑛 = 𝑙 sin 𝜑𝑦𝑛𝑝
𝑛   , 𝑧𝐶𝑂𝐺
𝑛 = 𝑙 cos 𝜑𝑦𝑛𝑝
𝑛
 
In the above equation, 𝑥𝐶𝑂𝐺
𝑛  and 𝑧𝐶𝑂𝐺
𝑛  , are the coordinates of the length and height of the COG 
along the 𝑥𝑛 and 𝑧𝑛, respectively. In order to obtain the coordinates of this point in the e-frame, 
we should use equation 6. The results are shown in equation 16 and equation 17. 
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16. 𝑥𝐶𝑂𝐺
𝑒 = 𝑥𝐶𝑂𝐺
𝑛 + 𝑡𝑥𝑒𝑛
𝑛  
17. 𝑧𝐶𝑂𝐺
𝑒 = 𝑧𝐶𝑂𝐺
𝑛  
By deriving from the above relations, the COG acceleration is obtained easily in the e-frame. 
18. 
?̇?𝐶𝑂𝐺
𝑒 = ?̇?𝑦𝑛𝑝
𝑛 𝑙 cos 𝜑𝑦𝑛𝑝
𝑛 + ?̇?𝑥𝑒𝑛
𝑛 →  ?̈?𝐶𝑂𝐺
𝑒 =
+?̈?𝑦𝑛𝑝
𝑛 𝑙 cos 𝜑𝑦𝑛𝑝
𝑛 − (?̇?𝑦𝑛𝑝
𝑛 )
2
𝑙 sin 𝜑𝑦𝑛𝑝
𝑛 + ?̈?𝑥𝑒𝑛
𝑛
 
19. 
?̇?𝐶𝑂𝐺
𝑒 = −?̇?𝑦𝑛𝑝
𝑛 𝑙 sin 𝜑𝑦𝑛𝑝
𝑛  →
?̈?𝐶𝑂𝐺
𝑒 = −(?̇?𝑦𝑛𝑝
𝑛 )
2
𝑙 cos 𝜑𝑦𝑛𝑝
𝑛 − ?̈?𝑦𝑛𝑝
𝑛 𝑙 sin 𝜑𝑦𝑛𝑝
𝑛
 
On the other hand, according to the forces exerted to the pendulum (Fig. 3), equation 20 is 
obtained (The mass of the pendulum is denoted by M). 
20. 
𝑀?̈?𝐶𝑂𝐺
𝑛 = 2𝑓𝑥𝑤
𝑛
𝑀?̈?𝐶𝑂𝐺
𝑛 = 2𝑓𝑧𝑤
𝑛 + 𝑀𝑔
 
The pendulum torque around the 𝑦𝑛 (𝜏𝑦𝑛𝑝𝑛 ) can be calculated by equation 21 (The pendulum's 
moment around the 𝑦𝑛 is denoted by 𝐼𝑝). 
21. 
𝜏𝑦𝑛𝑝
𝑛 = Ip?̈?𝑦𝑛𝑝
𝑛 + (𝑀?̈?𝐶𝑂𝐺
𝑛 )𝑧𝐶𝑂𝐺
𝑛
−(𝑀?̈?𝐶𝑂𝐺
𝑛 )𝑥𝐶𝑂𝐺
𝑛 − 𝜏𝑓𝑦𝑝𝑤
𝑛  
The values of 𝑓𝑥𝑝
𝑛 , 𝑓𝑧𝑝
𝑛 , 𝑥𝐶𝑂𝐺
𝑛  and 𝑧𝐶𝑂𝐺
𝑛  are incorporated from equations 15, 18, 19 and 20 in 
equation 21, and after the simplification, the dynamic model of the pendulum is obtained by 
equation 22. 
22. 
𝜏𝑦𝑛𝑝
𝑛 = (𝐼𝑝 − 𝑀𝑙
2)?̈?𝑦𝑛𝑝
𝑛 − 2𝜏𝑓𝑦𝑝𝑤
𝑛
−𝑀𝑙 cos(𝜑𝑦𝑛𝑝
𝑛 ) ?̈?𝑥𝑒𝑛
𝑛
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By combining dynamic models of the pendulum and wheel, the equation 23 is generated. 
23. 
𝜏𝑦𝑛𝑤
𝑛 = (
𝐼𝑤
𝑟
+ 𝑟𝑚 −
𝑟𝑀
2
) ?̈?𝑥𝑒𝑛
𝑛 + 𝜏𝑓𝑦𝑝𝑤
𝑛
+
𝑟𝑀
2
(−?̈?𝑦𝑛𝑝
𝑛 𝑙 cos 𝜑𝑦𝑛𝑝
𝑛 + ?̇?𝑦𝑛𝑝
𝑛 2𝑙 sin 𝜑𝑦𝑛𝑝
𝑛 )
 
2-2. MPC 
The angular velocity of the pendulum can be measured by a tilt sensor, a gyro sensor or an 
acceleration sensor [17]. In this paper, the TWPTR system is used as a gyro sensor to measure the 
angular velocity of the pendulum. In other words, a gyro is placed such that it measures the 
pendulum angular velocity around the yn. Indeed, the magnitude of ?̇?𝑦𝑛𝑝
𝑛  in the equations is 
determined by this sensor. The torque required to stabilize the pendulum around the upright 
position (keep 𝜑𝑦𝑛𝑝
𝑛  equal to zero) is also generated by the two DC motors where the shaft coupler 
of them is fixed at the center of each wheel. 
In order to control the robot, the relationship between the acceleration of the robot chassis and 
the angular position of the robot pendulum should be determined. To achieve this, by equating the 
equation 22 and equation 23, the torques are eliminated, and the acceleration of the chassis along 
𝑥𝑒 is obtained by the 𝜑𝑦𝑛𝑝
𝑛  angle, as well as its first and second derivatives. Constant coefficients 
in equation 24 have been defined in previous sections which depend on the robot's properties. 
24. ?̈?𝑥𝑒𝑛
𝑛 =
((−
𝐼𝑝
2 +
𝑀𝑙2
2 +
𝑟𝑀𝑙
2 cos 𝜑𝑦𝑛𝑝
𝑛 ) ?̈?𝑦𝑛𝑝
𝑛 −
𝑟𝑀𝑙
2 sin 𝜑𝑦𝑛𝑝
𝑛 (?̇?𝑦𝑛𝑝
𝑛 2))
(
𝐼𝑤
𝑟 + 𝑟𝑚 −
𝑟𝑀
2 −
𝑀𝑙
2 cos 𝜑𝑦𝑛𝑝
𝑛 )
 
On the other hand, using the dynamic model of the system, the behavior of the controlled 
variables can be predicted. In MPC, in order to compute the next state from the real state and the 
inputs, one must numerically solve the nonlinear differential equation 24. In order to obtain its 
value, a numerical method such as the Runge-Kutta method can be used[19]. 
The value of ?̇?𝑦𝑛𝑝
𝑛  is determined by the gyro information in the real state (k-th sample). Using 
the Runge-Kutta method, the value of 𝜑𝑦𝑛𝑝
𝑛  can be predicted for the next sample time ((k+1)-th 
sample), while the value of ?̈?𝑦𝑛𝑝
𝑛  is calculated for the previous sample time ((k-1)-th sample). 
Ignoring the angular acceleration in the current moment, ?̈?𝑦𝑛𝑝
𝑛 (𝑘) can be considered equal to 
?̈?𝑦𝑛𝑝
𝑛 (𝑘 − 1). With this calculated information, the value of TWPTR linear acceleration for the 
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next sample time is predicted. Also, the torque required for the wheels to stabilize the pendulum 
constant at the next sample time is calculated by equation 23. Based on these calculations, the 
value of ?̇?𝑦𝑛𝑝
𝑛  for the present sample time is estimated. This estimation is obtained by the predicted 
linear acceleration and wheels' torque, and the angular position is estimated by the output of the 
gyro in the previous sample time (Fig. 4). A detailed discussion on MPC can be found in [12], 
[20]. 
 
Fig. 4: MPC for a TWPTR 
2-3. TDC 
The back electromotive force (EMF) or induced voltage of a DC motor, 𝑒𝑚 , has a direct 
relationship with the magnetic field, 𝜙𝑓, and angular velocity of the shaft, ?̇?𝑚. This relation is 
denoted by a constant factor 𝐾1 in equation 25. 
25. 𝑒𝑚 = 𝐾1𝜙𝑓?̇?𝑚 
𝜙𝑓  varies with the field current in a manner similar to the saturation characteristic of the 
magnetic material of the machine. It is a common practice to assume that the machine operates 
such that the magnetic field is proportional to the field current, 𝑖𝑓. As a result: 
26.
𝜙𝑓 = 𝐾2𝑖𝑓
𝐾 = 𝐾1𝐾2
→ 𝑒𝑚 = 𝐾𝑖𝑓?̇?𝑚 
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Meanwhile, the generated torque of the motor, 𝜏𝑚, can be obtained from the basic relation 
𝑃𝑚
?̇?𝑚
, 
where 𝑃𝑚 is the motor power. So the equation 27 can be concluded.  
27. 𝜏𝑚 =
𝑒𝑚𝑖𝑚
?̇?𝑚
→ 𝜏𝑚 = 𝐾𝑖𝑓𝑖𝑚 
In the motor circuit model, if the magnetic field is modeled as a series circuit, it can be 
concluded that 𝑖𝑓, 𝑖𝑚 and origin current, 𝑖, are equal. So the equation 28 is obtained. 
28. 𝜏𝑚 = 𝐾𝑖
2 → 𝑖 = ±√
𝜏𝑚
𝐾
 
All DC motor equations are derived from [21]. The sign of 𝑖 is determined by the sign of 𝜑𝑦𝑛𝑝
𝑛  
(If 𝜑𝑦𝑛𝑝
𝑛  is greater than zero, the sign will be plus, and vice versa). Also,  the required torque to be 
generated by the DC motor of wheels, 𝜏𝑦𝑛𝑤
𝑛 , is determined by equation 23. If we assume 𝜏𝑦𝑛𝑤
𝑛  is 
equal to 𝜏𝑚, the value of i in each sample time will be determined. 
 
Fig. 5: Circuit model of DC motor 
From Fig. 5, equation 29 can be derived based on Newton's 2nd law. 
29. 𝐼𝑤?̈?𝑚 + 𝑏𝑚?̇?m = 𝜏𝑚 → 𝐼𝑤𝜃𝑚 + 𝑏𝑚?̈?𝑚 = ?̇?𝑚 
𝐼𝑤  is the inertia moment of each wheel, and 𝑏𝑚  is the motor viscous friction constant. 
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According to equation 11, and given the equality of 𝜃m and 𝜑𝑦𝑛𝑤
𝑛 , the value of ?̈?𝑚 in each sample 
time can be determined. 
With regard to Fig. 5, equation 30 is derived from Kirchhoff's voltage law. 
30. 𝐿
𝑑𝑖
𝑑𝑡
+ 𝑅𝑖 + 𝐾𝑖?̇?𝑚 = 𝑉 
𝑅 and 𝐿 are electric resistance and electric inductance of the motor, respectively. By replacing 
equation 28 in equation 30, the equation 31 is obtained. 
31. 𝐿
?̇?𝑚
2√𝐾𝜏𝑚
+ (𝑅 + 𝐾?̇?𝑚)√
𝜏𝑚
𝑘
= 𝑉 
As with MPC step, the voltage required for the wheels' motor is determined (Fig. 6). 
 
Fig. 6: TDC of a TWPTR 
A detailed discussion on MPC can be found in [22].So, the hierarchical MPC method is the best 
approach to control the dynamics of the TWPTR and manage the disturbance of it simultaneously. 
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The block diagram of this method is shown in Fig. 7. 
Mechanical 
Dynamics
Input Output
Electrical 
Dynamics
MPC TDC
+
-
+
-
 
Fig. 7: Hierarchical MPC Block Diagram 
2-4. HIL Implementation 
HIL simulation seeks to implement equations without any approximation. Reconstruct 
coefficients in the laboratory process are one of the advantages of this simulation [23]. In order to 
implement an HIL simulation, one should replace some virtual components in the simulation 
model with real components. The real components interact with the virtual components in real 
time to create an HIL simulation system [24]. Specifically, the output angular velocity of the 
pendulum as a real component is firstly measured and transmits data to the virtual component. 
Then, the response of different components including the output speed of the wheels' motor is 
observed (Fig. 8). For an HIL simulation test bench of a TWPTR, a real component will be a gyro 
connected to the pendulum. If the resulting output speed of DC motors can be fully tracked by 
controlling the angle of the pendulum, the virtual component is then well simulated. 
Real 
Component
Pendulum 
Angular Velocity
Delay Calculation
Virtual 
Component
Gyro
Microcontroller Speed of Motor
 
Fig. 8: HIL simulation for a TWPTR 
3. Simulation results 
In this section, a TWPTR with defined dynamic parameters according to Table 1 is modeled. 
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First, the functionality of this robot with specific inputs and without any controller has been 
investigated, then the efficiency of the MPC algorithm has been evaluated. After that, the MPC 
has been evaluated against turbulence and delayed response of the robot engines. In the following, 
the combination of MPC and TDC to manage disturbances has been evaluated. In the end, to verify 
results the HIL simulation is utilized. 
 
Tab. 1: TWPTR's parameters 
Value Symbol Parameters 
20 cm r Wheel's radius 
1 m l Length of COG 
4 kg m Mass of wheels 
100 kg M Mass of the robot minus the wheels 
0.07𝑘𝑔𝑚2 𝐼𝑤 Moments of wheels 
86.67𝑘𝑔𝑚2 𝐼𝑝 Robot pendulum moment 
10
𝑚
𝑠2
 g Earth's gravity acceleration 
0 𝜏𝑓𝑤𝑝 Transitional torque losses 
100 Hz - Gyro sampling frequency 
 
It is assumed that a person on the TWPTR will do arbitrary moves to test the stability of the 
robot. In order to model the person's movements, an equation is considered as follows. 
32. ?̇?𝑦𝑛𝑝
𝑛 = 5 𝑠𝑖𝑛(50𝑡) + 4 𝑐𝑜𝑠(20𝑡). 
Two points in equation 32 must be considered. First, due to the robot's structure, the person's 
maneuverability is low for rotation around the 𝑦𝑛; so the coefficients of the terms in equation 25 
are set to be larger than the values that occur in reality. In other words, with regard to this equation, 
the maximum rotation of a person aroud the y-axis is 120 °, while the maximum rotation in reality 
is far less than this value. Secondly, it is assumed that a person has a significant COG position 
change, so the frequency of terms in equation 32 has a large value. In other words, this significant 
change is considered for testing the stability of the applied control method. If no control is applied 
to the system, the angle of the p-frame with respect to the n-frame can be shown in Fig. 9. 
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Fig. 9: The angular velocity and angular position of the p-frame with respect to the n-frame without any controller 
After implementing the MPC proposed in Section 2-2, the output waveform can be seen in Fig. 
10. Indeed, this shape is related to the angle of the p-frame around the 𝑦𝑛. The minor changes in 
the position of the pendulum in Fig. 10 is because of the assumption that the angular acceleration 
in the previous and present sample time is considered equal. Also, this figure also includes the 
torque input to the motors over time.  
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Fig. 10: The angular position of the p-frame with respect to the n-frame without considering the delay response of wheels' motor 
– the torque of each wheels' motor 
In Fig. 10, is assumed that the DC motors generate the required torque in real time. In a real 
robot, such an assumption is far from the reality, so Fig. 11 displays the pendulum angle, 
considering the two sampling units for delay of motor response. By comparing Fig. 10 and Fig. 
11, it can be concluded that consideration of the delay response caused a kind of nonstablization 
in pendulum angular position. Also, the torque required for its control grows as demonstrated in 
Fig. 12. Therefore, implementing the TDC is important to control the TWPTR and decrease the 
maximum required torque. 
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Fig. 11: The angular position of the p-frame with respect to the n-frame considering the delay response of wheels' motor – the 
torque of each wheels' motor 
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Fig. 12: Torque of each wheels' motor with delay and nondelay response and difference between them 
After implementing the TDC proposed in Section 2-3, the pendulum angular position can be 
seen in Fig. 13. By comparing Fig. 11 and Fig. 13, it can be concluded that applying the TDC has 
caused a significant reduction in the angular movement of the pendulum, or rather the maximum 
displacement of the robot around the balance axis has decreased 44%. Precisely, robot stability has 
increased by 78%. Also, the torque required for its control decreases as indicated in Fig. 14. 
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Fig. 13: The angular position of the p-frame with respect to the n-frame by applying TDC - torque of each wheels' motor 
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Fig. 14: Torque of each wheels' motor with TDC and without TDC and the difference between them 
According to Fig. 14, when TDC method is applied to output of MPC the results show a 7% 
reduction in the maximum torque required by the engines. 
In order to verify the performance of the hierarchical MPC method, different tests are 
implemented in this section. Firstly, a start-up procedure of TWPTR controller hardware is 
described step by step. Then, the motor speed delay time response is investigated. A comparison 
is provided on the responses of the TWPTR in the HIL simulation and the analytical simulation. 
To start up the system, real-time simulation is first implemented in PROTEUS. To apply this 
simulation, all electric elements are precisely connected together according to real controller 
electrical circuit of a TWPTR.  Thereafter, the gyro measurement data are sent to the 
microcontroller. With the initiation of the control process, modeled in the HIL platform, two virtual 
DC motors are turned and accelerated to the desired speed. When these motors reach the desired 
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speed, the electrical voltage of the motors should be sent from the microcontroller. Because of 
PWM control of motor speed, we use encoder motor in this simulation and send their real-time 
speed to the microcontroller at each sample time. When the speed signal of the DC motors hits the 
set point, a digital signal is sent to the gyro sensor. The microcontroller checks the synchronization 
by checking the speed and phase differences of the gyro sensor and DC motors, as revealed in Fig. 
15. 
 
Fig. 15: Electrical Circuit Simulation of a TWPTR 
4. Conclusion 
According to the simulation results and based on the maximum pendulum angular position as 
well as the maximum torque applied to the motors, the system's response to different inputs can 
be stabilized rapidly and accurately. Although this robot has non-negligible nonlinearities, 
hierarchical MPC method control TWPTR considers all these nonlinearities while conserving the 
simplicity of implementation. Also, according to the HIL simulation results, the proper structure 
can be designed for manufacturing robots. The need for HIL simulation becomes clearer when 
changing the inherent properties of TWPTR in the control process becomes necessary. 
In two-wheeled autonomous robots, determining the correct position is essential. The inertial 
measurement unit (IMU) is generally used for higher precision to determine robot position. 
Measuring the rotation matrix between the IMU-frame and coordinates systems of the two-
wheeled robot is necessary for robot control process. This issue can be an interesting topic for 
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further research. 
The other interesting topic for research is the segway's field pressure control. Due to the 
structure of these robots, the extent of force that pulls the passenger during the robot movements 
is very important. In addition to its direct impact on the safety, by minimizing this force, the 
magnitude of required torque applied to the wheel's motor can be decreased. Eventually, by 
reducing the maximum torque, the cost of the robot will also be reduced. 
 
"Conflict of interest – none declared" 
  
HIL Simulation and Hierarchical Predictive Control of a TWPTR 
24 
 
[1] P. Cramton, R. R. Geddes, and A. Ockenfels, “Set road charges in real time to ease traffic,” Nature, 
vol. 560, no. 7716, p. 23, Aug. 2018. 
[2] J. Huang, F. Ding, T. Fukuda, and T. Matsuno, “Modeling and Velocity Control for a Novel Narrow 
Vehicle Based on Mobile Wheeled Inverted Pendulum,” IEEE Trans. Control Syst. Technol., vol. 21, 
no. 5, pp. 1607–1617, Sep. 2013. 
[3] J. Huang, M. Zhang, S. Ri, C. Xiong, Z. Li, and Y. Kang, “High-Order Disturbance Observer Based 
Sliding Mode Control for Mobile Wheeled Inverted Pendulum Systems,” IEEE Trans. Ind. Electron., 
pp. 1–1, 2019. 
[4] R. P. M. Chan, K. A. Stol, and C. R. Halkyard, “Review of modelling and control of two-wheeled 
robots,” Annu. Rev. Control, vol. 37, no. 1, pp. 89–103, Apr. 2013. 
[5] J. X. Xu, Z. Q. Guo, and T. H. Lee, “Design and Implementation of a Takagi #x2013;Sugeno-Type 
Fuzzy Logic Controller on a Two-Wheeled Mobile Robot,” IEEE Trans. Ind. Electron., vol. 60, no. 12, 
pp. 5717–5728, Dec. 2013. 
[6] A. Castro, “Modeling and dynamic analysis of a two-wheeled inverted-pendulum,” Thesis, Georgia 
Institute of Technology, 2012. 
[7] H. Jian-hai, Z. Shu-shang, L. Ji-shun, and L. Hang, “Research on developed parallel two-wheeled 
robot and its control system,” in 2008 IEEE International Conference on Automation and Logistics, 
2008, pp. 2471–2475. 
[8] D. B. Pham and S.-G. Lee, “Hierarchical sliding mode control for a two-dimensional ball segway that 
is a class of a second-order underactuated system,” J. Vib. Control, vol. 25, no. 1, pp. 72–83, Jan. 
2019. 
[9] T. Xi, “Fuzzy adaptive control of a two-wheeled inverted pendulum,” Thesis, 2018. 
[10] A. Lim, S. Lim, and S. Kim, “Enhancer prediction with histone modification marks using a hybrid 
neural network model,” Methods, Mar. 2019. 
[11] I. Chawla and A. Singla, “System Identification of an Inverted Pendulum Using Adaptive Neural 
Fuzzy Inference System,” in Harmony Search and Nature Inspired Optimization Algorithms, 2019, 
pp. 809–817. 
[12] D. E. Seborg, T. F. Edgar, D. A. Mellichamp, and F. J. Doyle, Process Dynamics and Control, Chapter 
20: Model Predictive Control, 4th ed. Wiley, 2016. 
[13] A. Sheikhlar, M. Zarghami, A. Fakharian, and M. B. Menhaj, “Delay Compensation on Fuzzy 
Trajectory Tracking Control of Omni-Directional Mobile Robots,” AUT J. Electr. Eng., vol. 45, no. 2, 
pp. 57–64, Sep. 2015. 
[14] Y. Shao, M. A. Mohd Zulkefli, Z. Sun, and P. Huang, “Evaluating connected and autonomous 
vehicles using a hardware-in-the-loop testbed and a living lab,” Transp. Res. Part C Emerg. 
Technol., vol. 102, pp. 121–135, May 2019. 
[15] Shixianjun, S. jiakun, and L. hongxing, “Hardware-in-the-loop Simulation Framework Design For a 
UAV Embedded Control System,” in 2006 Chinese Control Conference, 2006, pp. 1890–1894. 
[16] D. Titterton and J. Weston, Strapdown Inertial Navigation Technology, 2nd edition. Stevenage: The 
Institution of Engineering and Technology, 2005. 
[17] H.-H. Yoo and B.-J. Choi, “Design of Vectored Sum-Based Fuzzy Logic Control System and Its 
Application to Segway-Type Mobile Robot,” Int. J. Humanoid Robot., vol. 14, no. 02, p. 1750003, 
Feb. 2017. 
[18] G. Bleser, Towards Visual-Inertial SLAM for Mobile Augmented Reality. München: Dr. Hut, 2009. 
[19] K. E. Atkinson, W. Han, and D. Stewart, “Taylor and Runge–Kutta methods,” in Numerical Solution 
of Ordinary Differential Equations, Wiley-Blackwell, 2011, pp. 67–93. 
[20] N. Hu, S. Li, Y. Zhu, and F. Gao, “Constrained Model Predictive Control for a Hexapod Robot 
Walking on Irregular Terrain,” J. Intell. Robot. Syst., vol. 94, no. 1, pp. 179–201, Apr. 2019. 
HIL Simulation and Hierarchical Predictive Control of a TWPTR 
25 
 
[21] D. M. E. El-Hawary, Principles of Electric Machines with Power Electronic Applications; Chapter 4: 
Direct-Current Motors, 2 edition. Piscataway, NJ : New York, NY: Wiley-IEEE Press, 2002. 
[22] D. X. Ba, H. Yeom, and J. Bae, “A direct robust nonsingular terminal sliding mode controller based 
on an adaptive time-delay estimator for servomotor rigid robots,” Mechatronics, vol. 59, pp. 82–
94, May 2019. 
[23] D. Chandler and J. Vallino, “Control System Plant Simulator: A Framework For Hardware In The 
Loop Simulation,” presented at the Annual Conference & Exposition, Pittsburgh, Pennsylvania, 
2008, p. 13. 
[24] H. Zhang, Y. Zhang, and C. Yin, “Hardware-in-the-Loop Simulation of Robust Mode Transition 
Control for a Series #x2013;Parallel Hybrid Electric Vehicle,” IEEE Trans. Veh. Technol., vol. 65, no. 
3, pp. 1059–1069, Mar. 2016. 
 
